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We experimentally observed state-independent violations of Kochen-Specker inequalities for the simplest
indivisible quantum system manifesting quantum contextuality, a three-level (qutrit) system. We performed
the experiment with a single trapped 171Yb+ ion, by mapping three ground states of the 171Yb+ ion to a
qutrit system and carrying out quantum operatations by applying microwaves resonant to the qutrit transition
frequencies. Our results are free from the detection loophole and cannot be explained by the non-contextual
hidden variable models.
PACS numbers: 03.65.-w, 03.65.Ud, 37.10.Ty, 32.50.+d
It is a long-standing problem whether the nature of phys-
ical system would be completely described by quantum me-
chanics. In classical views the measurement outcomes on
physical properties are non-contextual, i .e., predetermined
independently of their own and other simultaneous compat-
ible measurements, while quantum mechanics is contextual.
Kochen, Specker and Bell proved that quantum mechanics
and any non-contextual classical theory are in conflict [1, 2],
deeply rooted in the essence of quantum mechanics regard-
less of states of the system. The original logical proof has
been formulated to experimentally testable inequalities, called
Kochen-Specker (KS) inequalities. The Bell’s inequalities
that hold for classical theories with local hidden variables
can be considered as a special type of KS inequalities, where
the contextuality is presented by non-locality. While Bell’s
inequalities can be violated by special entangled states in
space-like separation, the violation of KS inequalities could
be observed by any quantum state in a system with dimension
d ≥ 3. For cases where d ≥ 4, KS inequalities were proposed
[3–5] and demonstrated in both a state-dependent [6–8] and a
state-independent manner [9–11]. For the smallest case d = 3,
the state-dependent inequality was developed [12] and tested
with a photon system [13]. Lately, the state-independent in-
equality was found [14, 15] and the violations were informed
with also a photon system [16]. However, these experimental
demonstrations are open to the detection loophole. Here we
report the experimental results of a single three-level atomic
ion that are in conflict with non-contextual classical theories.
The experimental violations of KS inequalities are observed
independently of entanglement or superposition of the states
and confirm the quantum contextuality at the most simple and
fundamental level without the fair sampling assumption.
In noncontextual classical models, values of an observable
are determined by only a hidden variable independently of the
measurement context, i .e., set of mutually compatible observ-
ables measured in a single experimental setting. The observ-
ables are compatible if their results are not dependent on the
order of measurements. Kochen and Specker showed that any
quantum state in larger than 2 dimensions would reveal con-
flict with the non-contextual theories. The demonstration of
Figure 1: Observables and compatiblity relations for the state-
independent inequality of a qutrit. (a) The 13 observables are rep-
resented as vectors in a 3-dimensional space. |vi〉s are specified as
v1 = (1, 0, 0), v2 = (0, 1, 0), v3 = (0, 0, 1), v4 = (0, 1,−1),
v5 = (1, 0,−1), v6 = (1,−1, 0), v7 = (0, 1, 1), v8 = (1, 0, 1),
v9 = (1, 1, 0), v10 = (−1, 1, 1), v11 = (1,−1, 1), v12 =
(1, 1,−1), and v13 = (1, 1, 1). (b) The compatibility graph between
13 observables. The nodes represent the 13 vectors vi and the edges
show the orthogonality or compatibility relations. The experimental
realization and joint measurements of the orthogonal observables are
described in Table I.
the conflict in a simplest three dimensional quantum system,
a qutrit, has fundemental importance since it would naturally
imply the contraction in higher dimensions. However, the
original proof of KS theorem for a qutrit involves too many
configurations, 117 observables, to be verified in experiment
[1]. Differently from the KS proof, Yu and Oh realized a KS
inequality of a qutrit with 13 observables and 24 correlations
of them [14]. It has been proved that 13 settings are mini-
mum for KS tests of d = 3 system [17] and the bound have
improved to be tight, which is favorable in experimental real-
ization [15].
The inequalities with 13 observables are represented in the
Hilbert space of a qutrit with basis {|1〉 , |2〉 , |3〉}. The form
of the observable is Ai = I − 2Vi, where Vi is the normalized
projection operator on a vector |vi〉 = a |1〉 + b |2〉 + c |3〉.
The 13 vectors required for the inequality are displayed in 3d
Hilbert space in Fig. 1(a), where the values (a, b, c) of a vec-
tor, |vi〉 are assigned as real numbers, which are enough to
cover all possible projections in a qutrit space. In Fig. 1(b)
2a edge (i, j) ∈ E shows the orthogonal relation of nodes
i, j ∈ V , whereAi and Aj are compatible observables. There
are 24 edges requiring simultaneous measurements. The tight
ineqaulity is written as [15],
〈χ13〉 =
∑
i∈V
µi 〈Ai〉 −
∑
(i,j)∈E
µij 〈AiAj〉
−
∑
(i,j,k)∈C
µijk 〈AiAjAk〉 ≤ 25, (1)
where 〈. . .〉 denotes the average of measurement outcomes,
µi = 1 (i = 1, 2, · · · , 9), 2 (i = 10, · · · , 13), and µij = 1,
when (i, j) are in the triangles {(1, 4, 7), (2, 5, 8), (3, 6, 9)}, 2
otherwise. Here C is the set of four triangles in Fig. 1(a) and
µijk = 3, when (i, j, k) ∈ {(1, 4, 7), (2, 5, 8), (3, 6, 9)} and 0
otherwise. The inequality is easily derived from an equation
of the same form with 13 arbitrary variables that have ±1. In
quantum mechanics, χ13 =
(
25 + 83
)
I , which clearly vio-
lates the inequality (1) with any input states in the 3d Hilbert
space.
For the hidden variable models that preserve algebraic
structures of compatible observables, the inequality would be
simplified to [14],
〈χ4〉 =
13∑
i=10
〈Vi〉 ≤ 1. (2)
The inequality is valid, assuming the product rule and the
sum rule still hold. The product rule means the product
of compatible observables are zero and the sum rule means
the sum of all compatible observables are one. The χ4 =(
1 + 13
)
I for the quantum mechanics, which breaks the in-
equality (2) regardless of initial states.
We performed the tests of the KS inequalities (1) and (2)
with a single trapped 171Yb+ ion in a four-rods radio fre-
quency trap similar to the one in Ref. [[18]]. A trapped ion
system would be an exemplary candidate for the test of the
quantum contextuality, since the system has already demon-
strated near-perfect state initialization, state detection, and
quantum operations on a qubit system [19–21]. A pair of
qubits in a trapped ion system were already used to study the
quantum contextuality of 4d Hilbert space [9]. We map the
three internal levels of the 171Yb+ ion in the S1/2 ground
state manifold to the qutrit states, which are represented by:
|1〉 = |F = 1,mF = 0〉, |2〉 = |F = 1,mF = 1〉, and |3〉 =
|F = 0,mF = 0〉 shown in Fig 2(a).
The initialization of the qutrit system can be realized by the
same standard optical pumping as on a qubit. The operation
on a single qutrit would be performed through the application
of either resonant microwaves or lasers, depending on transi-
tions. The quantum operations on internal levels of an atomic
ion have been extremely well developed and demonstrated to
a near-perfect level [22]. However, it is challenging to simul-
taneously discriminate between three states of a qutrit with
decent detection fidelity in trapped ion systems. The standard
detection method based on qubit-state-dependent fluorescence
Figure 2: The 171Yb+ ion system and the measurement scheme.
(a) The energy diagram of 171Yb+ . Qutrit states |1〉, |2〉, and
|3〉 are mapped onto |F = 1, mF = 0〉, |F = 1, mF = 1〉, and
|F = 0, mF = 0〉 in the S1/2 ground state manifold, respectively.
The transition frequencies are: ω1 = (2pi)12642.8213 MHz and
ω2 = ω1+(2pi)7.6372 MHz. The quantum operations are performed
by the resonant microwaves. The detection laser beams are shown as
blue lines. Here the quantum state projected to |1〉 or |2〉 generates
fluoresence, while the state collapsed to |3〉 does not generate pho-
tons. Therefore, we assign zero on the observable related to state
|3〉 when we detect photons and one when no photons are detected.
(b) The sequential measurement scheme to construct the correlation
terms 〈ViVj〉. The three lines of the upper part stand for the three
levels of 171Yb+ ion. First, we rotate the measurement axis to map
the observables Vi and Vj , for example, on the state |1〉 and |2〉, re-
spectively. We transfer the Vi on the state |3〉 and apply the standard
flueorescent detection scheme. If we detect photons, the state should
not be |3〉 and we assign zero on the observable Vi. Therefore the
correlation ViVj should be zero and no further experiments are nec-
essary. If we detect no photons, we assign one on the Vi. To measure
the value of Vj , we apply the swapping microwave pulse that con-
verts Vj to |3〉 and the detection laser beam. If we observe photons,
Vj = 0 and if no photons, Vj = 1.By repeating the same experimen-
tal sequences and counting the number of experiments that detect no
photons at the second measurement, we can obtain the average of the
correlations ViVj . We perform these sequencial detection schemes
on the all the measurement settings listed in Table I for each initial
state.
enables us to differentiate between one state versus the other
two states of a qutrit. We observe on average 10 photons for
the |1〉 or the |2〉 state and detect no photon for the |3〉 state.
And by exchanging populations between |1〉 and |3〉 (or |2〉
and |3〉), we could discriminate |2〉 and |3〉 versus |1〉 (or |1〉
and |3〉 versus |2〉. However it is not possible to simultane-
ously distinguish the three states at our current experimental
setting. In summary, we assign the value 1 on |3〉 state when
no photons are detected and put the value 0 when photons are
detected.
It is straightforward to measure the average values of single
observables, 〈Ai〉 in Eq. (1) and (2). We rotate the measure-
ment axis vi to the state |3〉 and then measure the probability
of the state P|3〉 (= 〈Vi〉), corresponding to the values of 〈Ai〉,
since Ai = 1 − 2Vi. The probablity P|3〉 is obtained by di-
viding the number of no photon events by the number of total
repetitions. To measure the correlations, we first rotate two
compatible vectors vi, vj to the orthogonal states, for exam-
ple, |1〉 and |2〉. Then we use the following modified equation
to obtain the correlations 〈AiAj〉 = 〈(1− 2Vi) (1− 2Vj)〉 =
3|1〉 |2〉 |3〉 Rotations Sequences (1st 2nd 3rd)
M1 V1 V2 V3 no rotation
M2 V5 V2 V8 R1 (pi/2, pi)
M3 V1 V4 V7 R2 (pi/2, 0)
M4 V9 V3 V6 R2 (pi, pi)R1 (pi/2, pi)
M5 V4 V10 R2 (pi/2, 0)R1 (α, 0)
M6 V4 V13 R2 (pi/2, 0)R1 (α, pi)
M7 V5 V11 R1 (pi/2, pi)R2 (α, pi)
M8 V5 V13 R1 (pi/2, pi)R2 (α, 0)
M9 V6 V12 R2 (pi, 0)R1 (pi/2, pi)R2 (α, 0)
M10 V6 V13 R2 (pi, pi)R1 (pi/2, 0)R2 (pi − α, 0)
M11 V7 V11 R2 (pi/2, pi)R1 (α, pi)
M12 V12 V7 R2 (pi/2, pi)R1 (pi − α, pi)
M13 V8 V10 R1 (pi/2, 0)R2 (α, 0)
M14 V8 V12 R1 (pi/2, 0)R2 (pi − α, 0)
M15 V10 V9 R1 (pi, 0)R2 (pi/2, 0)R1 (pi − α, 0)
M16 V9 V11 R1 (pi, pi)R2 (pi/2, pi)R1 (α, 0)
R1(θ1, φ1)=
(
cos θ1
2
0 eiφ1sin θ1
2
0 1 0
−e−iφ1sin θ1
2
0 cos θ1
2
)
R2(θ2, φ2)=
( 1 0 0
0 cos θ2
2
−e−iφ2sin θ2
2
0 eiφ2sin θ2
2
cos θ2
2
)
Table I: Experimental measurement settings for the 24 joint proba-
bilities of 13 observables. We rotate the 3-dimentional coordinates
to map at least two orthogonal observables on the axes of the mea-
surement basis {|1〉 , |2〉 , |3〉}. Here Vi (i = 1, 2, · · · , 13) stands
for the projection observables on the vectors vi shown in Fig. 1(a).
These 16 settings contain all the joint measurements shown in Fig.
1(b) as edges. The rotations R1 (θ1, φ1) , R2 (θ2, φ2) are realized by
applying microwave pulses with the frequencies of ω1 and ω2, which
are resonant to the transitions between |1〉 and |3〉 and between |2〉
and |3〉, respectively, where θ1, θ2 and φ1, φ2 are controlled by the
duration and the phase of the applied microwaves. Here, α represents
0.392pi. Note that each observable will be transferred to the state |3〉
just before the measurement, since we only assign the values on the
state |3〉 .
1 − 2 〈Vi〉 − 2 〈Vj〉 + 4 〈ViVj〉, where 〈Vi〉 or 〈Vj〉 is mea-
sured by the same method as that of a single observable, that
is, transferring the population of state |1〉 or |2〉 to |3〉 and
measuring the average probability of the state |3〉.
The term 〈ViVj〉 is measured sequencially shown in Fig.
2(b). After mapping the axis of observables Vi to |3〉 (no pho-
ton state), we would have two cases in our measurement: de-
tecting certain number of photons or detecting no photons. If
we observe photons, our state should not be |3〉, and we as-
sign zero v(Vi) = 0 on the observable Vi. If we observe no
photons, our state should be |3〉 and we assign one v(Vi) = 1.
When v(Vi) = 0, v(ViVj) = 0 regardless of the result of
Vj . Therefore, we stop the measurement. If v(Vi) = 1, we
apply a swapping pulse between Vi and Vj and measure the
state again. If we detect photons, which means v(Vj) = 0
and therefore, v(ViVj) = 0. The correlation ViVj has a value
one only when we detect no photons at the second measure-
ment. We obtain the average of the correlation term 〈ViVj〉 by
repeating the same experimental sequence. For the last terms
in the equality (1), we apply the similar methods described
above. First, the correlations −〈AiAjAk〉 are expanded to
−1+2 〈Vi〉+2 〈Vj〉+2 〈Vk〉−4 〈ViVj〉−4 〈VjVk〉−4 〈VkVi〉+
8 〈ViVjVk〉. We can ignore the terms 〈ViVjVk〉 because they
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Figure 3: State-independent test of KS inequalities 〈χ4〉 and 〈χ13〉
for a qutrit system. The inequalities (1) and (2) are examined with
eleven different initial states including simple product states ψ1 to
ψ3, superposition states at the axis of the observables ψ4 to ψ6, out-
side of the observables ψ7 to ψ9, and mixed states ψ10 to ψ12. We
measure the density matrix of all states by performing qutrit state
tomography [23] and confirm the prepared states with an average
fidelity 99.5% for the pure states ψ1 to ψ9. The mixed state fideli-
ties are around 97% shown in the figure. All raw measurements for
〈χ13〉 shown as blue filled circles violate the classical limit 25 by
15σ, confirming the quantum contextuality for various states. For
each states, 480,000 realizations are used to obtain the 〈χ13〉. For
the inequality (2), the average value of all measured initial states is
〈χ4〉 = 1.328(11).
should not have negative values and the inequality without the
terms should be bounded by the same value, 25. Note that
we do not throw away any measured data to construct the in-
equality, which ensures that the experiments are free from the
detection loophole.
The procedures of our experiments are as follows: after 1
ms Doppler cooling, the state of the ion is initialized to |3〉 by
3 µs standard optical pumping [18]. The states are coherently
manipulated by the microwaves ω1 and ω2 that are resonant to
the transitions between |1〉 and |3〉, and between |2〉 and |3〉,
respectively. The 2 pi times for both Rabi oscillations are ad-
justed to 29.5 µs, that is Ω1,2 = (2pi) 33.9 kHz in frequency.
The separation ω2 − ω1 = (2pi) 7.6372 MHz with the mag-
netic field B= 5.455 G, which is large enough to ensure the
independency of each Rabi oscillation.
The 24 correlations of 13 observables of a given initial
state are measured after rotating the observables on the one
of qutrit states, shown in Table I. We prepare the measure-
ment settings to map at least two orthogonal observables on
the measurement basis simultaneously. The probabilities of
|1〉 and |2〉 are obtained by mapping each state onto |3〉 and
measuring the probability of |3〉. We repeat the same measure-
4ments 10,000 times for the same observables, which result in
480,000 repetitions for one initial state. After obtaining all
the results of measurements, we apply the detection-error cor-
rection scheme with the maximally likelyhood method [24].
The state detection errors of no-photon state, |3〉 and of not
detecting the |3〉 states are 1.0% and 2.1%, respectively, with
the discrimination threshold nph = 1 shown in Fig. 2(b).
We examine the state-independency of the inequalities (1)
and (2) by preparing eleven different initial states shown in
Fig. 3 and repeating the measurements described in Table I.
We verify that both inequalities are violated for simple input
states ψ1 to ψ3, superposition states aligning to one of 13 ob-
servables ψ4 to ψ6, general superposition states not related
to measurement axes ψ7 to ψ9, mixed states ρ10 to ρ12. The
pulse sequences and state-tomography results are presented in
the supplementary information. We observe the fidelities of
the prepared states on average 99.5 % for the pure states.
We clearly observe the violations of the inequaliteis (1) and
(2) for all the input states that we prepared, including mixed
states as summarized in Fig. 3. The average of 〈χ13〉 =
27.63(17) and 〈χ4〉 = 1.328(11), significantly larger than the
limits of non-contextual models. For some of input states,
〈χ4〉 and 〈χ13〉 are even larger than quantum bounds. How-
ever, the breaking of quantum bounds does not have serious
meaning, since the results are within uncertainties of the mea-
surements. We also observe the violations for all the states
even without the correction of detection errors. However, the
some of results are unphysical and violating even the quan-
tum limit simply because of the detection errors. We provide
all the detailed measurement results with and without detec-
tion error corrections in the supplementary information.
In conclusion, our results show experimental measurements
of an simplest three-level quantum system in an indivisi-
ble single atomic ion, which are incompatible to any non-
contextual models. The results confirms the quantum con-
textuality for any states in three dimensions without entangle-
ments or even superposition. Our experimental violations are
not subject to the detection loophole. However, the sequen-
cial measurements open the compatibility loophole [25]. In
our particular measurements, most of the observables in the
inequalities are individual, which is irrelevant to the compat-
ibilty loophole. And the correlations would be ignored if we
require the same compatible algebric structure on the hidden
variable models. Particularly, the violations of 〈χ4〉 conclude
the quantum contextuality without detection and compatiblity
loopholes.
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